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Abstract
In this paper we study the Sobolev regularity of the Bergman projection B and the ∂-Neumann operator N on a certain pseudo-
convex domain. We show that if Ω is a domain with Lipschitz boundary, which is relatively compact in an n-dimensional compact
Ka¨hler manifold and satisfies some “log δ-pseudoconvexity” condition, the operators B, N and ∂
∗
N are regular in the Sobolev
spaces W kr,s(Ω , E) for forms with values in a holomorphic vector bundle E and for any k < η/2, 0 < η < 1, 0 ≤ r ≤ n,
0 ≤ s ≤ n − 1.
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Let X be an n-dimensional Ka¨hler manifold and Ω be a relatively compact domain in X . Let δ be the boundary
distance function of Ω with respect to the Ka¨hler form ω associated to the Ka¨hler metric σ on X , then Ω is log δ-
pseudoconvex if ∂∂(− log δ + h) ≥ cω for some c > 0 and some bounded function h on Ω .
For example, if X is a Stein manifold, then any relatively compact domain Ω in X , which is locally Stein, satisfies
the log δ-pseudoconvexity condition (see [12]). The same is true if X has positive holomorphic bisectional curvature,
that is T 1,0 X is positive in the sense of Griffiths (see [22,12,23]).
In this paper, we consider a log δ-pseudoconvex domain Ω with Lipschitz boundary in a compact Ka¨hler manifold
X of complex dimension n. We show that, for any η ∈ (0, 1), the Bergman projection B, the ∂-Neumann operator
N and the canonical solution operator ∂
∗
N are regular in the Sobolev spaces W kr,s(Ω , E), k < η/2, 0 ≤ r ≤ n,
0 ≤ s ≤ n−1, for forms with values in a holomorphic vector bundle E . This result generalizes the well known results
of Boas–Straube [4], Berndtsson–Charpentier [2], Cao–Shaw–Wang [6], Harrington [15] and Saber [20] in the case of
log δ-pseudoconvex domain in a compact Ka¨hler manifold for forms with values in a holomorphic vector bundle E .
Indeed, when Ω is smooth pseudoconvex domain in Cn admitting a defining function that is plurisubharmonic on
the boundary bΩ of Ω , Boas–Straube [4] proved that B maps W k(Ω) to itself for any k > 0. For a pseudoconvex
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domain Ω with C2 boundary in Cn , Berndtsson–Charpentier [2] (see also Kohn [18]) obtained the Sobolev regularity
for B. If Ω is a locally Stein in the complex projective space, Cao–Shaw–Wang [6] obtained the Sobolev regularity
of the operators N , ∂N , ∂
∗
N and B. Harrington [15] proved this result on a bounded pseudoconvex domain with
Lipschitz boundary in Cn . In [20], Saber proved the Sobolev regularity of the operators N , ∂∗N and B on a weakly
q-convex domain Ω with smooth boundary in Cn .
2. Notations and preliminaries
Let X be an n-dimensional Ka¨hler manifold with Ka¨hler metric σ and π : E −→ X be a holomorphic vector
bundle, of rank p, over X . Let T X be the tangent bundle of X and ω be the Ka¨hler form associated to the Ka¨hler
metric σ . Let {U j }, j ∈ J , be an open covering of X such that E |U j is trivial, namely π−1(U j ) = U j × Cp, and
(z1j , z
2
j , . . . , z
n
j ) be local coordinates on U j . Let (ρ j ) be a partition of unity subordinate to U j . A Hermitian metric
h = {h j } along the fibers of E is defined by specifying on each U j a positive definite Hermitian matrix h j whose
entries we require to be differentiable functions and on U j ∩Uk we have hk = t f jkh j f jk , where { f jk} is the system
of transition functions of E and t f jk is the transpose of f jk . For an orthonormal basis e1, e2, . . . , ep on the fiber
Ez = π−1(z), over z, we express h j as h j = (h jab); h jab = h j (ea, eb). Let (habj ) be the inverse matrix of (h jab).
Thus every E-valued differential (r, s)-form u on X can be written locally, on U j , as u(z) = pa=1 ua(z) ea(z),
where ua are the components of the restriction of u on U j . Let C∞r,s(X, E) be the complex vector space of E-valued
differential forms of class C∞ and of type (r, s) on X . Let # : C∞r,s(X, E) −→ C∞s,r (X, E⋆) be the operator defined
locally by (#u) j = h j u j . For u, f ∈ C∞r,s(X, E), we define a local inner product (u, f ) with respect to σ and h by
(u, f ) dV =
p
a=1
ua ∧ ⋆ (h f )a = t u ∧ ⋆ # f,
where dV is the volume element with respect to σ , ⋆ : C∞r,s(X, E) −→ C∞n−s,n−r (X, E) is the Hodge star operator
defined by σ . Let Ω be a relatively compact domain in X and
C∞r,s(Ω , E) =

u |Ω ; u ∈ C∞r,s(X, E)

be the subspace of C∞r,s(Ω , E) whose elements can be extended smoothly up to the boundary bΩ of Ω . LetDr,s(Ω , E)
be the subspace of C∞r,s(Ω , E) whose elements have compact support disjoint from bΩ . For u, f ∈ C∞r,s(Ω , E), the
associated global inner product ⟨u, f ⟩φ and the L2-norm ∥u∥Ω , with respect to σ , h and the weight function φ, are
defined by
⟨u, f ⟩φ =

Ω
(u, f ) e−φdV,
∥u∥2φ = ⟨u, u⟩φ =

Ω
e−φ |u|2 dV,
where |u|2 = (u, u). We shall consider the weighted L2-spaces
L2r,s(Ω , e
−φ, E) = { f : ∥ f ∥φ <∞}
of E-valued differential forms of various degrees. Let ∂ : L2r,s(Ω , e−φ, E) −→ L2r,s+1(Ω , e−φ, E) be the maximal
closed extension of the original ∂ and ∂
∗
φ : L2r,s(Ω , e−φ, E) −→ L2r,s−1(Ω , e−φ, E) be its Hilbert space adjoint. Let
φ = ∂ ∂∗φ + ∂∗φ∂ be the associated complex Laplace operator. Let Nφ be the ∂-Neumann operator on (r, s)-forms
(cf. [13]), solving
Nφφ f = f
for any (r, s)-form f in L2r,s(Ω , e
−φ, E). We denote by Bs,φ the Bergman operator, mapping a (r, s)-form in
L2r,s(Ω , e
−φ, E) to its orthogonal projection in the closed subspace of ∂-closed forms. In particular, for s = 0, B0,φ
maps a section to a holomorphic section. By a classical result, if f is ∂-closed, then
u = ∂∗φNφ f
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is the solution to ∂u = f of minimal norm in L2r,s(Ω , e−φ, E). If φ = 0 we shall omit subscripts and write simply
∂
∗
φ = ∂∗, φ =  etc.
Let α = (α1, . . . , αn) be a multiindices, that is, α1, . . . , αn are nonnegative integers. For x ∈ Rn , we define
xα = xα11 . . . xαnn . Let Dβ be the operator defined by
Dβ =

1
i
∂
∂x1
β1
. . .

1
i
∂
∂xn
βn
.
Denote by T the Schwartz space of rapidly decreasing smooth functions on Rn , that is, T consists of all smooth
functions f on Rn with sup
x∈Rn
|xαDβ f (x)| < ∞ for all multiindices α, β. We define the Fourier transform fˆ of a
function f ∈ T by
fˆ (ξ) = (2π)−n/2

Rn
f (x) e−i x .ξ dx,
where x . ξ = nj=1 x j ξ j and dx = dx1 ∧ · · · ∧ dxn with x = (x1, . . . , xn) and ξ = (ξ1, . . . , ξn). If f ∈ T, then
fˆ ∈ T (cf. [21], Chapter 14, Theorem 1.1). The Sobolev space W k(Rn), k ∈ R, is the completion of T under the
Sobolev norm
∥ f ∥2W k (Rn) =

Rn
(1+ |ξ |2)k | fˆ (ξ)|2 dξ.
Suppose that X is a compact complex manifold of complex dimension n. Choose finite covering {U j }, j ∈ J by
domains of the charts η j : U j −→ V j ⊂ Rn and let φi : E |U j −→ V j × Cp be a collection of trivializations. Let
φ∗i be an induced map φ∗j ξ = φ j ◦ ξ ◦ η−1j acting from C∞(U j , E |U j ) to C∞(V j ,Cp) which can be identified with
C∞(Vi )p. Let (ρ j ) j be a smooth partition of unity subordinate to (U j ) j and put
∥ f ∥W k (X,E) =

j
∥φ∗jρ j f ∥W k (Rn), (2.1)
where on the right hand side we have usual Sobolev k-norm defined as in the Euclidean case. Then, the Sobolev
k-space, W k(X, E), is defined as the completion of the space of all f ∈ C∞(X, E) such that (2.1) is finite. We denote
by W k(Ω , E), k ≥ 0, the space of the restriction of all sections u ∈ W k(X, E) to Ω . Denote by
∥ f ∥W k (Ω ,E) = inf

∥u∥W k (X,E), u ∈ W k(X, E), u|Ω = f

the W k(Ω , E)-norm. Let W k0 (Ω , E) be the completion of D(Ω , E) under the W k(Ω , E)-norm. If Ω is a Lipschitz
domain, then C∞(Ω , E) is dense in W k(Ω , E) with respect to the W k(Ω , E)-norm. If 0 ≤ k ≤ 1/2, we also have
that D(Ω , E) is dense in W k(Ω , E) (cf. [14]; Theorem 1.4.2.4). For k > 0, we define W−k(Ω , E) to be the dual of
W k0 (Ω , E). For k > 0, we define W
−k(Ω , E) to be the dual of W k0 (Ω , E) and the norm of W−k(Ω , E) is defined by
∥u∥W−k (Ω ,E) = sup
|⟨u, f ⟩Ω |
∥ f ∥W k (Ω ,E)
,
where the supremum is taken over all nonzero sections f ∈ D(Ω , E). We denote by W kr,s(Ω , E) the Hilbert spaces of
(r, s)-forms with W k(Ω , E)-coefficients and their norms are denoted by ∥ . ∥W kr,s (Ω ,E). It is verified that, if T⋆ is the
adjoint map of T with respect to the L2-norm, then
∥T f ∥
W k/2r,s (Ω ,E)
= sup
g∈L2
⟨T f, g⟩Ω
∥g∥
W k/2r,s (Ω ,E)
= sup
g∈Ω
⟨ f,T⋆g⟩L2
∥g∥
W−k/2r,s (Ω ,E)
≤ ∥T⋆∥
W−k/2r,s (Ω ,E)
∥g∥
W k/2r,s (Ω ,E)
. (2.2)
Let V be a vector space of finite dimension. We call∧α V the α-th exterior product of V . Elements of∧α V are written
in the form u1 ∧ · · · ∧ uα , where u1, . . . , uα ∈ V . Let HomR(T X,C) be the complex vector space of complex-valued
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real-linear mappings of T X to C. We denote by
∧HomR(T X,C) =
2n
t=0

r+s=t
∧r,s T ∗X,
the C-linear exterior algebra of HomR(T X,C). A linear mapping L : ∧HomR(T X,C) −→ ∧HomR(T X,C) is
defined by Lφ = e(ω)φ = ω ∧ φ, for φ ∈ ∧r,s T ∗X , i.e., L : ∧r,s T ∗X −→ ∧r+1,s+1 T ∗X. The formal adjoint
operator Λ : ∧r,s T ∗X −→ ∧r−1,s−1 T ∗X of the operator L is defined locally by:
Λφ = (−1)r+s ⋆ L ⋆ φ.
Let θ = {θ j }; θ j = (θcja), θcja =
n
α=1
p
b=1 h
cb
j
∂h jab
∂ zαj
dzαj =
n
α=1 µcjaαdzαj , be the (1, 0)-form of the connection
associated to h. Put Θc
jaαβ
= − ∂µ
c
jaα
∂zβj
. Since the curvature form, associated to h, is defined by Θ = {Θ j };
Θ j = i ∂θ j = i ∂∂ log h j . Then Θ j = {Θcja};Θcja = i
n
α,β=1Θcjaαβ dz
α
j ∧ dzβj ; 0 ≤ a ≤ p and 0 ≤ c ≤ p. Let
Π =

Π jbβ,cα

=

p
a=1
h jab Θ
a
jcαβ

(2.3)
be the associated curvature matrix. For 0 ≤ r ≤ n, we define
mr (Ω; E) = sup{m ∈ R|Θ(∧n−r TΩ ⊗ E) ≥ m ω ⊗ Id∧n−r TΩ⊗E }, (2.4)
whereΘ(∧n−r TΩ⊗ E) and Id∧n−r TΩ⊗E are the curvature form and the identity homomorphism of the holomorphic
vector bundle ∧n−r TΩ ⊗ E , respectively.
Definition 1. Let T and E be complex vector spaces of dimensions n, p respectively, and let Θ be a Hermitian form
on T ⊗ E .
(a) A tensor ξ ∈ T X ⊗ E is said to be of rank m if m is the smallest positive integer such that we can write
ξ(z) =mj=1 t j ⊗ e j , t j ∈ Tz X , e j ∈ Ez .
(b) Π is said to be m-semi-positive (Π ≥m 0), m an integer ≥ 1, if
Π (ξ, ξ) =

Πb β,c αξ
c
b ξ
α
β ≥ 0,
for any ξ ∈ Tz X ⊗ Ez and of rank ≤ m.
(c) Π is said to be m-positive (Π >m 0) if Π (ξ, ξ) > 0 for any tensor ξ ∈ Tz X ⊗ Ez ; ξ ≠ 0, and of rank ≤ m.
Let φ be a real (1, 1)-form with values in the vector bundle Herm(E; E) = E∗ ⊗ E satisfies φ≥n−s+1 0. For
φ ∈ ∧n,s T ∗X ⊗ E , we put
| f |2φ = sup
u∈∧n,s T ∗X⊗E,
u≠0
|( f, u)|2
(φ ∧ Λu, u) .
Definition 2. Let X be an n-dimensional Ka¨hler manifold and Ω b X be an open set. Let δ(z) be the distance from
z ∈ Ω to the boundary bΩ of Ω with respect to the metric σ . We say that Ω is log δ-pseudoconvex, if there exists a
smooth bounded function h on Ω such that
i∂∂(− log δ + h) ≥ cω in Ω , (2.5)
for some c > 0, where ω is the Ka¨hler form associated to the Ka¨hler metric σ .
In particular, every log δ-pseudoconvex domain admits a strictly plurisubharmonic exhaustion function, therefore
is a Stein manifold.
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Example 2.1. Let X be a Stein manifold and let Ω b X be a domain which is locally Stein, i.e. for every x ∈ bΩ ,
there exists a neighborhood Ux of x in X such that Ux is Stein. It was shown in [12] that there exists a Ka¨hler metric
σ on X such that is log δ-pseudoconvex.
In particular, every bounded weakly pseudoconvex domain with smooth boundary in Cn is log δ-pseudoconvex.
Example 2.2. Let (X, σ ) be a Ka¨hler manifold with positive holomorphic bisectional curvature, that is T 1,0 X is
positive in the sense of Griffiths. Then every domain Ω b X , which is locally Stein, is log δ-pseudoconvex (see [23]
for the case X = Pn , [12,22]).
Example 2.3. Let X be a complex manifold such that there exists a continuous strongly plurisubharmonic function
on X and Ω b X a locally Stein domain. It was shown in [12] that there exists a Ka¨hler metric on X such that Ω is
log δ-pseudoconvex.
In particular, every locally Stein domain in a Stein manifold is log δ-pseudoconvex.
Definition 3. (a) A Riemannian manifold (X, σ ) is said to be complete if (X, σ ) is complete as a metric space.
(b) A continuous function ψ : X −→ R is said to be exhaustive if for every c ∈ R the sublevel set
Xc = {x ∈ X;ψ(x) < c} is relatively compact in X .
(c) A sequence (Kν)ν∈N of compact subsets of X is said to be exhaustive if X =  Kν and if Kν is contained in
the interior of Kν+1 for all ν (so that every compact subset of X is contained in some Kν).
Lemma 2.1 (cf. [5]). Let (X, σ ) be a Ka¨hler manifold and E be a holomorphic vector bundle, of rank p (p ≥ 1),
over X. Let h = {h j } be a Hermitian metric along the fibers of E and Θ be the associated curvature form. Then, for
f ∈ C∞r,s(X, E), at any point, we have
r,s − ⋆−1n−s,n−r⋆

f, f

= (Ar,sE,σ f, f ), (2.6)
where Ar,sE,σ = [iΘ(E),Λ] acting on ∧r,s T ∗X ⊗ E and r,s = ∂ ϑ + ϑ∂ .
Lemma 2.2 (cf. [9]). Let σ1, σ2 be two Hermitian metrics on X such that σ2 ≥ σ1. For every u ∈ ∧n,s T ∗ X ⊗ E,
s ≥ 1, we have
|u|2σ2 dVσ2 ≤ |u|2 dV,
((An,sE,σ2)
−1u, u)σ2 dVσ2 ≤ ((An,sE,σ1)−1u, u) dV,
where an index σ2 means that the corresponding term is computed in terms of σ2 instead of σ1.
Lemma 2.3 (cf. [9]). The (n, n)-form | f |2φ dv is a decreasing function of ω. Also, for any real number c ≥ 0 such
that Π ≥n−s+1 cω ⊗ IdE , and for each f ∈ ∧n,s T ∗X ⊗ E, we have
| f |2φ ≤
1
s c
| f |2.
Finally, let η be a (0, 1)-form on X, then we get
| η ∧ f |φ ≤ |η| | f |φ .
Lemma 2.4 (cf. [10]). The following properties are equivalent:
(i) (X, σ ) is complete;
(ii) there exists an exhaustive function φ ∈ C∞(X,R) such that |dφ|σ ≤ 1;
(iii) there exists an exhaustive sequence (Kν)ν∈N of compact subsets of X and functions φν ∈ C∞(X,R) such that
φν = 1 in a neighborhood of Kν , supp φν ⊂ K ◦ν+1, 0 ≤ φν ≤ 1 and |dφν |σ ≤ 2−ν .
Lemma 2.5 ([10]; Theorem 5.2). Every weakly pseudoconvex Ka¨hler manifold (X, σ ) carries a complete Ka¨hler
metric σ˜ .
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3. L2 estimates for solutions of ∂-equations
Our goal here is to prove a central L2 existence theorem, which is essentially due to Ho¨rmander [16], and
Andreotti–Vesentini [1]. We will only outline the main ideas, referring e.g. to Demailly [9] for a more detailed
exposition of the technical situation considered here.
Theorem 3.1 (cf. [10]). Let (X, σ ) be complete Ka¨hler manifold of complex dimension n. Let E be a holomorphic
vector bundle over X. Suppose Ar,sE,σ is a positive Hermitian operator on ∧r,s T ∗X ⊗ E, and let f ∈ L2r,s(X, E) with
s ≥ 1 satisfying ∂ f = 0 and
X
((Ar,sE,σ )
−1 f, f ) dVσ < +∞,
there exists u ∈ L2r,s−1(X, E) such that ∂u = f and
X
|u|2dVσ ≤

X
((Ar,sE,σ )
−1 f, f ) dVσ .
Proof. Consider the Hilbert space orthogonal decomposition
L2r,s(X, E) = Ker ∂ ⊕ (Ker ∂)⊥,
observing that Ker ∂ is weakly (hence strongly) closed. Let v = v1 + v2 be the decomposition of a smooth form
v ∈ Dr,s(X, E)with compact support according to this decomposition (v1, v2 do not have compact support in general).
Since (Ker ∂)⊥ = Im ∂∗ ⊂ Ker ∂∗ and f, v1 ∈ Ker ∂ by hypothesis, we get ∂∗v2 = 0 and by the Cauchy–Schwarz
inequality, we have
|⟨ f, v⟩|2 = |⟨ f, v1⟩|2 ≤

X
((Ar,sE,σ )
−1 f, f ) dVσ

X
(Ar,sE,σ v1, v1) dVσ .
By using a priori inequality
∥∂u∥2 + ∥∂∗u∥2 ≥ (Ar,sE,σu, u)
for every u ∈ Dom∂ ∩ Dom∂∗ of bidegree (r, s) if Ar,sE,σ acting on ∧r,s T ∗X ⊗ E is semi-positive. Applying (2.6) to
u = v1 yields
X
(Ar,sE,σ v1, v1) dVσ ≤ ∥∂v1∥2 + ∥∂
∗
v1∥2 = ∥∂∗v1∥2 = ∥∂∗v∥2.
Combining both inequalities, we find
|⟨ f, v⟩|2 ≤

X
((Ar,sE,σ )
−1 f, f ) dVσ

∥∂∗v∥2
for every smooth (r, s)-form v with compact support. This shows that we have a well defined linear form
w = ∂∗v −→ (v, f ), L2r,s−1(X, E) ⊃ ∂∗(Dr,s(X, E)) −→ C
on the range of ∂
∗
. This linear form is continuous in L2 norm and has norm ≤ C with
C =

X
((Ar,sE,σ )
−1 f, f ) dVσ

∥∂∗v∥2.
By the Hahn–Banach theorem, there is an element u ∈ L2r,s−1(X, E) with ∥u∥ ≤ C , such that ⟨v, f ⟩ = ⟨∂
∗
v, u⟩ for
every v, hence ∂u = f in the sense of distributions. The inequality ∥u∥ ≤ C is equivalent to the last estimate in the
theorem. 
If we apply the main L2 existence theorem (Theorem 3.1) to a sequence σε of complete Ka¨hler metrics, we see, by
passing to the limit, that the theorem even applies to non necessarily complete metrics if our manifold is pseudoconvex.
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Theorem 3.2 (cf. [10]). Let (X, σ ) be a Ka¨hler manifold (σ is not assumed to be complete). Assume that X is weakly
pseudo-convex. Let E be a holomorphic vector bundle over X and assume that there exists a positive continuous
function γ : X −→ R such that
Θ(E) ≥ γ ω ⊗ IdE .
Then, for f ∈ L2loc(X, ∧n,s T ∗ X ⊗ E), s ≥ 1, satisfying ∂ f = 0 and

X γ
−1| f |2 dVσ < +∞, there exists a solution
u ∈ L2(X, ∧n,s−1 T ∗ X ⊗ E) to the equation ∂u = f such that
X
|u|2dVσ ≤

X
γ−1| f |2 dVσ .
Proof. Indeed, under the assumption on E , we have
(An,sE,σ f, f )σ ≥ γ | f |2σ ,
hence ((An,sE,σ )
−1 f, f )σ ≤ γ−1| f |2σ . The assumption that f ∈ L2loc(X, ∧n,s T ∗ X ⊗ E) instead of f ∈
L2(X, ∧n,s T ∗ X⊗E) is not a real problem, since we may restrict ourselves to Xc = {x ∈ X : ρ(x) < c} b X , where
ρ is a plurisubharmonic exhaustion function on X . Then Xc is itself weakly pseudoconvex (with plurisubharmonic
exhaustion function ρc = 1/(c−ρ)), hence Xc can be equipped with a complete Ka¨hler metric σc,ε = σ + ε i∂∂(ρ2c ).
For each (c, ε), Theorem 3.1 yields a solution uc,ε ∈ L2σc,ε (Xc, ∧n,s−1 T ∗ X ⊗ E) to the equation ∂uc,ε = f on
Xc such that
Xc
|uc,ε|2σc,εdVσc,ε ≤

Xc
((An,sE,σc,ε )
−1 f, f )σc,ε dVσc,ε .
From Lemma 2.2, we obtain
Xc
((An,sE,σc,ε )
−1 f, f )σc,ε dVσc,ε ≤

Xc
((An,sE,σ )
−1 f, f )σ dVσ
≤

X
γ−1| f |2σ dVσ < +∞.
Thus, the solutions ψc,ε are uniformly bounded in L2 norm on every compact subset of X . Since the closed unit ball
of an Hilbert space is weakly compact, we can extract a subsequence
ucm , εm −→ u ∈ L2loc
converging weakly in L2 on any compact subset K ⊂ X , for some cm −→ +∞ and εm −→ 0. By the weak continuity
of differentiations, we get again in the limit ∂u = f . Also, for every compact set K ⊂ X , we get
K
|ψ |2σdVσ ≤ lim infm−→∞

K
|ucm ,εm |2σcm ,εm dVσcm ,εm
by weak L2loc convergence. Finally, we let K increase to X and conclude that the desired estimate holds on all
of X . 
Theorem 3.3 (cf. [9]). Let X be an n-dimensional Ka¨hler manifold. Assume that X is weakly pseudoconvex. Let E
be a holomorphic vector bundle over X and φ ∈ L1loc be a weight function which is plurisubharmonic and of class C2
in X. Suppose that the curvature form Θ(E) and φ satisfy the inequality
Θ(E)+ i∂∂φ ⊗ IdE ≥ γω ⊗ IdE ,
where γ is a positive continuous function on X. Then, for f ∈ L2n,s(X, loc, E) with s ≥ 1 satisfying ∂ f = 0 and
X | f |2i∂∂φe−φdv < +∞, there exists u ∈ L2n,s−1(X, loc, E) such that ∂u = f and
X
|u|2e−φdv ≤

X
| f |2
i∂∂φ
e−φdv.
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Proof. Apply the general estimates to the bundle E deduced from E by multiplication of the metric by e−φ ; we have
iΘ(Eφ) = iΘ(E)+ i∂∂φ.
It is not necessary here to assume in addition that u ∈ L2n,s−1(X, Eφ). In fact, u is in L2loc and we can exhaust
X by the relatively compact weakly pseudoconvex domains {Xc = x ∈ X;ψ(x) < c}, where ψ ∈ C∞(X,R) is
a plurisubharmonic exhaustion function (note that − log(c − ψ) is also such a function on Xc). We get therefore
solutions fc on Xc with uniform L2 bounds; any weak limit f gives the desired solution. 
Remark 3.4. To obtain the same result of Theorem 3.3 for (r, s)-form as well, we just observe that we have a canonical
duality pairing ∧m TΩ ⊗∧m T ∗Ω −→ C, hence a (r, s)-form with values in E can be viewed as a section of
∧r,s T ∗Ω ⊗ E = ∧0,s T ∗Ω ⊗∧r T ∗Ω ⊗ E = ∧n,s T ∗Ω ⊗ E˜,
where E˜ is the holomorphic vector bundle
E˜ = ∧n TΩ ⊗∧r T ∗Ω ⊗ E = ∧n−r TΩ ⊗ E,
through the contraction pairing
∧n TΩ ⊗∧r T ∗Ω ≃ ∧n−r TΩ .
Thus L2r,s(Ω , E) = L2n,s(Ω ,∧n−r TΩ ⊗ E).
4. Sobolev regularity of the Bergman projection
In this section we prove the main results of this paper.
Lemma 4.1. Let Ω b X be a log δ-pseudoconvex domain in an n-dimensional Ka¨hler manifold X. Let ψk = −k log δ,
where k is a positive constant. Then, there exists α ∈ (0, 1) small enough such that
i∂ψk ∧ ∂ψk <

k
α

i∂∂ψk on Ω . (4.1)
Proof. As in Ohsawa and Sibony [19] and Cao and Shaw [7], by using (2.5), there exists a constant α ∈ (0, 1) such
that
i∂∂(−δα) > 0 on Ω .
Since
i∂∂(−δα) = α δα

(1− α) i∂δ ∧ ∂δ
δ2
+ i∂∂(−δ)
δ

,
then
(1− α) i∂δ ∧ ∂δ
δ2
+ i∂∂(−δ)
δ
> 0 on Ω . (4.2)
But
i∂∂(− log δ) = i∂δ ∧ ∂δ
δ2
+ i∂∂(−δ)
δ
.
It follows, from (4.2), that
i∂∂(− log δ) > α i∂δ ∧ ∂δ
δ2
. (4.3)
Since ∂ψk = −k ∂δδ and ∂ψk = −k ∂δδ , then
i∂ψk ∧ ∂ψk = k2 i∂δ ∧ ∂δ
δ2
.
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Thus, from (4.3), we obtain
i∂∂(− log δ) >
 α
k2

i∂ψk ∧ ∂ψk .
Thus (4.1) follows. 
Theorem 4.2. Let X be an n-dimensional Ka¨hler manifold and E be a holomorphic vector bundle over X. Let Ω b X
be a log δ-pseudoconvex domain and φβ = −β log δ, where β ≥ 0 and δ is the function defined in Definition 2. Let
mr (Ω; E) be defined as in (2.4) such that mr (Ω; E) > 0. Then, for f ∈ L2r,s(Ω , δβ , E), 1 ≤ s ≤ n, with ∂ f = 0,
there exists u ∈ L2r,s−1(Ω , δβ , E) such that ∂u = f and
Ω
|u|2δβdv ≤

Ω
| f |2
i∂∂φβ
δβdv. (4.4)
Proof. Since mr (Ω; E) > 0 and by using (2.4) and (2.5), there exists a positive constant m such that
Θ(∧n−r TΩ ⊗ E)+ β i ∂∂(− log δ)⊗ Id∧n−r TΩ⊗E ≥ [m + β C]ω ⊗ Id∧n−r TΩ⊗E .
Thus, according to Remark 3.4, by using the solution to the ∂-equation for (n, s)-forms of Theorem 3.3 with
values in the holomorphic vector bundle ∧n−r TΩ ⊗ E and with the weight function φβ = −β log δ, there exists
u ∈ L2r,s−1(Ω , δβ , E) such that ∂u = f and
Ω
|u|2 δβ dV ≤

Ω
| f |2
i∂∂φβ
δβ dV .
Thus the proof follows. 
Remark 4.3. One can always select the solution u of Theorem 4.2 satisfying the additional property u ∈ ker(∂, E)⊥
(otherwise, just replace u by its orthogonal projection on

ker(∂, E)
⊥
). The solution u satisfies the additional property
u ∈ L2r,s−1(Ω , e−φβ , E) ∩

ker(∂, E)
⊥
, i.e., satisfies the following
Ω
e−φβ t u ∧ ⋆h υ = 0, (4.5)
for any ∂-closed form υ ∈ L2r,s−1(Ω , e−φβ , E). Hence the theorem implies that if u is any form which is orthogonal
to L2r,s−1(Ω , e−φβ , E) ∩ ker(∂, E), u satisfies
Ω
|u|2e−φβ dV ≤

Ω
|∂u|2
i∂∂φβ
e−φβ dV . (4.6)
Theorem 4.4. Let X, Ω and E be the same as in Theorem 4.2. Let φ and ψ be plurisubharmonic and of class C2 in
Ω , and assume ψk ≥ 0 satisfies (4.1) with r < 1. Let 0 ≤ r ≤ n such that mr (Ω; E) > 0. Let f ∈ L2r,s(Ω , δβ−k, E),
1 ≤ s ≤ n, with ∂ f = 0 and let u = ∂∗βNβ f be the solution to the equation ∂u = f in L2r,s(Ω , δβ , E). Thus, there
exists a positive constant C such that
Ω
|u|2δβ−kdV ≤ C

Ω
| f |2
i∂∂(ψk+φβ ) δ
β−kdV . (4.7)
Proof. Since f ∈ L2r,s(Ω , δβ , E), thus by Theorem 4.2 there is a solution u ∈ L2r,s−1(Ω , δβ , E) ∩ (ker(∂, E))⊥. Put
g = u eψk = u δ−k , then
Ω
|u|2δβ−kdV =

Ω
|g|2δβ+kdV . (4.8)
10 S. Saber / Transactions of A. Razmadze Mathematical Institute ( ) –
Thus, from (4.5), we have
0 =

Ω
e−φβ t u ∧ ⋆ #Eυ =

Ω
e−(ψk+φβ ) t g ∧ ⋆ #Eυ
=

Ω
δβ+k t g ∧ ⋆ #Eυ.
Thus, u is orthogonal to all ∂-closed forms of L2r,s−1(Ω , δβ+k, E), so by (4.6) we have
Ω
| u|2δβ+kdV ≤

Ω
|∂u|2
i∂∂(ψk+φβ )δ
β+kdV .
Thus, from (4.8), we obtain
Ω
|u|2δβ−kdV ≤

Ω
|∂g|2
i∂∂(ψk+φβ )δ
β+kdV . (4.9)
Since, for any two real numbers a and b, and for every ε > 0, we have
2|a| |b| ≤ ε|a|2 + 1
ε
|b|2,
and since ∂g = δ−k ∂u + δ−k ∂ψk ∧ u. Thus, from (4.9), we obtain
Ω
|u|2δβ−kdV ≤

Ω
| ∂u + ∂ψk ∧ u|2i∂∂(ψk+φβ )δ
β−kdV
≤

Ω
|∂u|2
i∂∂(ψk+φβ )δ
β−kdV + |∂ψk ∧ u|2i∂∂(ψk+φβ )δ
β−kdV
+ 2|∂u|i∂∂(ψk+φβ )|∂ψk ∧ u|i∂∂(ψk+φβ )δβ−kdV
≤

1+ 1
ε

Ω
| f |2
i∂∂(ψk+φβ )δ
β−kdV + (1+ ε)

Ω
| ∂ψk ∧ u|2i∂∂(ψk+φβ )δ
β−kdV .
Since i∂ψk ∧ ∂ψk < t i ∂∂ψk is valid for 0 < t < 1. This means that the norm of the form ∂ψk , measured in the
metric with Ka¨hler form i∂∂ψk is smaller than t at any point. Also, we can improve the estimate (4.4) by replacing
| f |i∂∂φβ e−φβ by | f |i∂∂(ψk+φβ )e−φβ without having to change the weight function from φβ to ψk + φβ . Thus
| ∂ψk ∧ u|2i∂∂(ψk+φβ ) ≤ | ∂ψk |
2
i∂∂(ψk+φβ ) |u|
2 ≤ |∂ψk |2i∂∂ψk |u|
2 ≤ t |u|2. (4.10)
By choosing ε so small such that (1+ ε)t < 1, we obtain
Ω
|u|2δβ−kdV ≤ C

Ω
| f |2
i∂∂(ψk+φβ )δ
β−kdV,
with C =

1+ 1
ε

[1−(1+ε)t] . 
We are now ready to prove the main theorem of this section.
Theorem 4.5. Let Ω b X be a log δ-pseudoconvex domain with Lipschitz boundary in an n-dimensional compact
Ka¨hler manifold and E be a holomorphic vector bundle over X. Let 0 ≤ r ≤ n such that mr (Ω; E) > 0. Then, for
η ∈ (0, 1), the operators B, N and ∂∗N are exact regular in the Sobolev spaces W kr,s(Ω , E) for 0 < k < η/2, 0 ≤ s ≤
n − 1. In other words, B, N and ∂∗N are continuous in W kr,s(Ω , E), k < η/2 and satisfies the following estimates:
∥Bu∥2
W k/2r,s (Ω ,E)
≤ c1∥u∥2
W k/2r,s (Ω ,E)
, (4.11)
∥Nu∥
W k/2r,s (Ω ,E)
≤ c2∥u∥W k/2r,s (Ω ,E), (4.12)
∥∂∗Nu∥
W k/2r,s (Ω ,E)
≤ c3∥u∥W k/2r,s (Ω ,E), (4.13)
where c1, c2 and c3 are positive constants depend only on k.
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Proof. From the Kohn’s formula, we have the following:
Bβ = I − ∂∗βNβr,s+1∂. (4.14)
For u ∈ L2r,s(Ω , δβ−k, E) and for f ∈ L2r,s(Ω , δβ−k, E) ∩ ker(∂, E), we have from (4.14) that
⟨Bβu, f ⟩β,Ω = ⟨u − ∂∗βNβ∂u, f ⟩β,Ω
= ⟨u, f ⟩β,Ω − ⟨∂∗βNβ∂u, f ⟩β,Ω
= ⟨δ−ku, f ⟩β+k,Ω
= ⟨δ−ku, f ⟩β+k,Ω − ⟨∂∗β+k Nβ+k∂(δ−ku), f ⟩β+k,Ω
= ⟨(I − ∂∗β+k Nβ+k∂)(δ−ku), f ⟩β+k,Ω
= ⟨Bβ+k(δ−ku), f ⟩β+k,Ω
= ⟨δk Bβ+k(δ−ku), f ⟩β,Ω .
Thus we have Bβ(δk Bβ+k(δ−ku)) = Bβu. Using (4.14), we get
Bβu = Bβ(δk Bβ+k(δ−ku))
= (I − ∂∗βNβ∂)δk Bβ+k(δ−ku)
= δk Bβ+k(δ−ku)− ∂∗βNβ(∂δk ∧ Bβ+k(δ−ku))
= δk Bβ+k(δ−ku)− k ∂∗βNβ

∂δ
δ
∧ δk Bβ+k(δ−ku)

, (4.15)
because ∂Bβ+k = 0. For simplicity, we write η = δk Bβ+k(δ−k u). Then, for u ∈ L2r,s(Ω , δβ−k, E), we have
Ω
|η|2 δβ−k dV =

Ω
 δk Bβ+k(δ−k u)2 δβ−k dV
=

Ω
 Bβ+k(δ−k u)2 δβ+k dV
≤

Ω
 δ−k u2 δβ+k dV
=

Ω
|u|2 δβ−k dV . (4.16)
Thus, from (4.7), we obtain
Ω
 ∂∗βNβ(∂ψk ∧ η)2 δβ−k dV ≤ c1 
Ω
 ∂ψk ∧ η2i∂∂(ψk+φβ ) δβ−k dV . (4.17)
From (4.10), we obtain ∂ψk ∧ η2i∂∂(ψk+φβ ) ≤  ∂ψk ∧ η2i∂∂ψk ≤ t |η|2 . (4.18)
Substituting (4.16) and (4.18) into (4.17), we obtain
Ω
 ∂∗βNβ(∂ψk ∧ η)2 δβ−k dV ≤ c1t 
Ω
|u|2 δβ−k dV . (4.19)
Thus, by using (4.15), (4.18) and (4.19), we obtainBβu2
β−k,Ω ≤ c2 ∥u∥2β−k,Ω . (4.20)
Thus, the Bergman projection Bβ maps L2r,s(Ω , δ
β−k, E) boundedly to itself. Since Bβu = (I − ∂∗βNβ∂)u and
∂
∗
βN
βu = Nβ∂∗βu, then ∂∗βNβu = ∂∗βNβ Bβu and we already know that Bβ is bounded on L2r,s(Ω , δβ−k, E) we may
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as well assume from the start that ∂ f = 0. Then, by using (4.7) and (4.20), we obtain∂∗βNβu2
β−k,Ω =
∂∗βNβ Bβu2
β−k,Ω ≤ c1∥B
βu∥2β−k,Ω ≤ c1c2 ∥u∥2β−k,Ω . (4.21)
Thus, the operator ∂
∗
βN
β maps L2r,s(Ω , δ
β−k, E) boundedly to itself. Thus by taking β = 0 and by using (4.20) and
(4.21), we obtain
∥Bu∥2−k ≤ c3∥u∥2−k
∥∂∗Nu∥2−k ≤ c3∥u∥2−k . (4.22)
By [14, Theorem 1.4.4.3], for 0 < k < 12 , the space W
k/2(Ω , E) is continuously embedded in L2(Ω , δ−k, E). Also
since any harmonic section in L2(Ω , δ−k, E) also lies in W k/2(Ω , E) (see [17, Theorem 4.2], [11, Lemma 1] and also
[8, Lemma 6.5.4 and Theorem C.4]). Then, from (4.22), we obtain
∥Bψ∥2W k/2(Ω ,E) ≤ ∥Bu∥2−k ≤ c3∥u∥2−k ≤ c3∥u∥2W k/2(Ω ,E). (4.23)
It follows that the Bergman projection B is continuous in W k(Ω , E), 0 < k < η/2. Since B = I − ∂∗N∂ and
∂
∗
N = N∂∗, then ∂∗Nu = ∂∗N Bu and
∥∂∗Nu∥k = ∥∂∗N Bu∥k ≤ c1∥Bu∥k ≤ c1c3∥u∥k . (4.24)
Using (4.24) and as in (4.23), we obtain that ∂
∗
N is bounded operator on W k/2r,s (Ω , E) for any s ≥ 1 and satisfies
∥∂∗Nu∥2W k/2(Ω ,E) ≤ c2∥u∥2W k/2(Ω ,E).
Then ∂
∗
N is continuous in W k(Ω , E), 0 < k < η/2. Due to the result of Boas–Straube [3], the ∂-Neumann operator
N is regular if and only if the Bergman projection B is regular. Thus the exact regularity of N follows. 
Corollary 1. Under the same assumption of Theorem 4.5 and for 0 ≤ s ≤ n − 1, the operators N, ∂∗N and B are
exact regular in the Sobolev space W−kr,s (Ω , E) for 0 < k < η/2, 0 ≤ s ≤ n − 1 and satisfy the following estimates:
∥Bu∥2
W−k/2r,s (Ω ,E)
≤ c4∥u∥2
W−k/2r,s (Ω ,E)
,
∥Nu∥
W−k/2r,s (Ω ,E)
≤ c5∥u∥W−k/2r,s (Ω ,E),
∥∂∗Nu∥
W−k/2r,s (Ω ,E)
≤ c6∥u∥W−k/2r,s (Ω ,E),
where c4, c5 and c6 are positive constants depend only on k.
Proof. By using (2.2), (4.11), (4.12) and (4.13) the result follows. 
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